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Abstract Explicit sufficient and necessary conditions for separability of iV-dimensional rank two 
multiparty quantum mixed states are presented. A nonseparability inequality is also given, for the 
case where one of the eigenvectors corresponding to nonzero eigenvalues of the density matrix is 
r-{ ' maximally entangled. 
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PACS: 03.65.Bz;89.70.+c 

Quantum entanglement is playing an essential role in quantum information processing (cf. 
B 1, U). The separability of pure states for bipartite systems is quite well understood (cf. 
Q). For mixed states, some progress has been achieved in understanding the separability and 
entanglement problem for bipartite systems (cf. ]||), e.g., the proper definition of separable 
and entangled states formulated by Werner Q, the Peres criterion that all separable states 
necessarily have a positive partial transpose, which is further shown to be also a sufficient 



a: 



condition for separability in 2 x 2 and 2x3 systems 



The multiparty entangled states have been investigated recently [10, 11]. These states are 
also of importance in quantum information processing, for instance, three party entanglement 



of the GHZ type can allow for interesting applications such as quantum secret sharing Jl 



and many experimental groups have tried to generate such states [13]. However less is known 



about how to characterize multiparty entanglements completely. The maximum connectedness, 



persistency [14] and Schmidt measure 15] have been used in partly describing entanglements of 



pure multiparty states. There exists no general criterion that allows one to distinguish whether 



a general mixed state is separable or not. In [16] the separability and entanglement in 2 x 2 x N 



composite quantum systems have been studied. 

In this paper, we study sufficient and necessary conditions for separability of higher-dimensional 
quantum systems on H (g) H (g). . .<S> H, which generalize the results in II?]]. In particular, we con- 
sider density matrices with rank two. The separability condition for these kind of mixed states 
in arbitrary dimensions is explicitly given. In addition, we present a nonseparability inequality 
valid in the case where one of the eigenvectors corresponding to nonzero eigenvalues of a density 
matrix is maximally entangled. 

We first consider the case of three iV-dimensional quantum spaces. Let H be an N- 
dimensional complex Hilbert space, with e», i = 1,2, ... ,N, an orthonormal basis. A general 



pure state on H <g> H ® H is of the form 

N 

I*) = X! a ijk e i ® e j ® ejfc, aij fc G C (1) 

i,j',A;=l 

with the normalization Y^f,j ) k=i a ijkO'*jk = 1 (* denoting complex conjugation). 
Let U denote a unitary transformation on the Hilbert space H, such that 

N 
3=1 

and J2jLi t>ijb* k j = 5ik (with 5n~ the usual Kronecker's symbol ). We call a quantity an invariant 
associated with the state \*$>) if it is invariant under all local unitary transformations of U\(&U2® 



U%. By generalizing the results of analysis on invariants for qubits [18|, the following quantities 
are invariants under local unitary transformations: 

N N 

Iq = J]] a ijk a ijki II = a ijk a ij m a PqiriO'pqk-i 

i,j,k=l i,j,k,p,q,m=l 
N N 

12 = J]] a ikjQ'imj a "prnq(l v kqi -^3 = J]] a kijO'm,ij a m,pqO'kpq- 
i,3,k,p,q,m=l i,j,k,p,q,m=l 



A generalized concurrence is defined by [19] 



N 

{2,ll-h-I 2 -h) 



3(iV 



N 



— \j 6(N 1) ^ ^ (\®Hk®pgm O'ijm.O'pqkl'^ ~i~ k&pqm Q-iqkQ , pjm\^ ~\~ {O'ijkQ'pqin ^pjjfeQigmP) ■ 

(2) 

First, we prove the following result: 

Lemma 1. Cjy = if and only if is separable. 

Proof. It is clear that Cjy = when is factorizable, i.e., when 

a ijk = aibjCk, for some cii,bj,Ck £ C. 

Conversely, because \*ff) / 0, there exists po, qo, mo such that a poqomo ^ 0. Hence from \aijka pqm — 
O'ijmO'pqkl = Owe have a^k = ciijbk, for some a^-, f»t S C. Further we get a^k = aMc^, a^, b'j, c' k £ 
C. □ 

Let p be a rank two state on ', with |i?2) being its two orthonormal eigenvectors 

corresponding to the two nonzero eigenvalues: 

p = p\E 1 ){E 1 \+q\E 2 ){E 2 \, (3) 

where q = 1 — p £ (0, 1). Generally 

l^i ) = £ a ijfc e i ® e J ® efc ' G C ' 

i,j,k=l 



with normalization J2i^j,k=i a ijk( a ijk)* = 1? s i = 1> 2 - 



Using Lemma 1, we have that \ty = J2i^j,k=i a ijk^i ® &j <S> is separable if and only if 



Cl = 0, i.e. 



a 



ijk^pqm — Q'ijmQ'pqki &ijk&pqm — O-iqkO-pjmi ^ijkO-pqra — ^pjkO-iqmi V£, J, fc, Qj TTl. (4) 



We adopt the notation 

a l a ijk a pqm ~ a ijm a pqki a 2 a ijk a pqm ~ a iqk a pjm' a 3 a ijk a pqm ~ a pjk a iqmi 
Pi ^ijk^pqm a ijk® , pqm ^ijm^pqk a ijm^pqk^ 

P2 = a ijk a pqm + a ijk a pqm ~ a iqk a pjm ~ a iqk a pjm' (5) 
03 ^ijk^pqm ^ijk^pqm ^pjk^iqm a pjk < ^iqmi 

Tl a ijk a pqm ~ a ijm (1 pqki T2 a ijk a pqm ~ a iqk a pjmi 73 a ijk a pqm ~ a pjk a iqrrf 

where I = {i, j, k,p, q, m}, Vi, j, k,p, q, m G {1, 2, . . . , N}. 

A vector of the form \E\) + \\E-2), A G C, is separable if and only if A is a common root of 
the following equation set Eq\ : 

^A 2 + /3fA + 7f = 0. (6) 

where s = 1, 2, 3, and 7 = {i,j, k,p, q, m}, k,p, q, m € {1, 2, . . . , iV}. 

Lemma 2. If \E 2 ) is not separable, then p is separable if and only if (6) have two distinct 
roots. 

Proof. Suppose that p = J2t=i Pt\Ut){Ut\, with I some positive integer and < p' t < 
1> J2Pt = 1' 1^*) being separable, Vi. We can write them as linear combinations of the two 
eigenvectors | E\) and|7?2) which span the range of p : \Ut) = c\\Ei)+c 2 \E 2 ) (for some c\ , c| G C). 
As \Ut) 7^ 0, c*,c| can not be all 0. Without losing generality, let c\ / 0. is then of the 
form \E\) + At | Ti^), At = c 2/ c i- From Lemma 1 \Ut) is separable if and only if the parameter Af 
is a common root of the corresponding equation set (|6|), al Af + f3 s Af + = 0. 

Because jE^) is not separable, not all X' t s can be equal, otherwise all the U[s would be 
constant multiples of a fixed vector, and p would be rank 1. On the other hand, as \E 2 ) is not 
separable, then Cjy is not zero. Hence there is some 7o,so such that a 1 ® / 0, i.e., the relation 
Eql is indeed a quadratic equation. It must have exactly two roots, and so there are two values 
that are the only possible choices for the X' t s. But in order that there is not only one possible 
choice, the above two roots must be different. And all the relations Eql have these two different 
roots. 

Let pi, P2 be two distinct roots, which are common to all of the equations Eql. Each 
vector \Ut) is either of the form \E[) = (\Ei) + pi\E 2 ))/ yjl + \pi\ 2 , or of the form \E 2 ) = 
{\E l ) + p 2 \E 2 ))/^l + \p 2 \*. 
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Therefore we can write p as p = p' \ E[) (E[ \ + ( 1 — p') \ E' 2 ) (E' 2 | with < p' < 1 . Comparing the 
coefficients of \Ek)(Ei\, k, I = 1, 2, with the ones in the expression (3), we get that the following 
two relations: 

+^^ = (8) 



1 + M 2 1 + \P2 



Solving for p and p' we get 



P =(1-/^1^2-) , P= — , where z = ^2 - Pi- (9) 

z z — P1P2Z 

Conversely, let ^1^2 be two distinct roots, which are common to all of the equations Eql. From 
above discussion we have p = p'\E[)(E[\ + (1 — p')\E' 2 )(E 2 \, i.e., p is separable. □ 

We first deal with the case where a*j fc are all real. The following conclusion is easily verified. 

Lemma 3. For a quadratic equation ax 2 + bx + c = with a, b,c£R,fl/0, and roots a, (3 
with a 7^ 7 = (a — (3)/(a — /?) is either 1 or —1. 

Theorem 1. If all a*j fc are real, p is separable if and only if one of the following quantities(Ai 
or A2) is zero: 

Ai = E H - (i - p"Vil 2 + E l/W - «J/#l 2 . ( 10 ) 

a 2 = E + (i - p'Vil 2 + E l^l 2 ' (") 

or, equivalently, one of the following two sets of relations (12) or (13) hold: 

7s 7 = (i-p- 1 K, pWs' = (12) 

ll = -{l-p- 1 )al f3i = (13) 
where s, s' = 1, 2, 3, and /, I' = {i,j, k,p, q, m}, Vi, j, k,p, q,m £ {1,2,..., N}. 
Proof. We prove the necessity part of the theorem in two cases: 

Case 1. a). I-E2) is not separable. We get that (6) have two distinct roots from Lemma 2. 
These two roots are the solutions to all the relations Eqj.. Consider for any s = 1,2,3, / = 
{i,j,k,p,q,m}, yi,j,k,p,q,m G {1, 2, . . . , N}, 

1) if al / 0, the corresponding relation (6) is not an identity. All the quadratic equations in 
the set Eql have the same two distinct roots. From the standard theory of quadratic equations, 
we have 

Pl<4° = Pita 1 ,, (14) 
iWsl = tM- (15) 
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2) if a 1 ,. = 0> then the equations Eq ! s become identities, i.e., {i\ and 7^ must be too, because 
otherwise at least one of the relations Eql would be a linear equation, and there would be no 
two distinct roots. Thus in this case (12), (13) also hold. 

b) . Because all a^ k are real number, p\ and P2 are roots of a quadratic equation with real 
coefficients. From Lemma 3, p±p2 = 1 — P~ l or — (1 — p _1 ). Since p±p2 is real, the solution for p' 
in (9) implies that P2HP2 — A*i) is real, which is possible if and only if either the roots are both 
real or the roots are both purely imaginary. In the first case, let P2 > Mi) we have p\p,2 = 1—p^ 1 . 
From (9), we get the condition that p' £ [0,1], which is equivalent to P2 > 0,fJ>i < 0. In the 
second case, we have P1P2 = — (1 ~~ P 1 )- The condition for having purely imaginary roots of 
quadratic equations gives that [3l = 0,VJ, Vs. 

c) . Finally, we observe that p\p2 is nothing but the ratio 7f°/af°, which is either 1 — p^ 1 or 
— (1 — p~ 1 )- Therefore we conclude that either 7^ = (1 — p~ l )al or 7^ = —(1 — p" 1 )*^ for any 
I and s = 1, 2, 3. Relation (10) is verified. 

Case 2. \E2) is separable. In this case from (4), we have a\ = 0, VI, Vs. Since not all of the 
\Ut) can be multiples of I-E2), we must have at least one choice of A such that \E\) + A|^) is 
separable. This must be a common root to all equations Eql as before. All these equations are 
now linear ones. When all (5 l s = 7^ = 0, it is easy to see that \E{) is separable. Excluding this 
case, we see that there is only one possible choice of A. Then p can be expressed as 

p = p \E 2 ){E2\ + (l-p ) 1+ 2 . 

That is p" = 1, which is a contradiction. Thus, if ^2) is separable, \E\) must be separable too. 
It is clear that in this case (10) and (11) hold. 

Now we prove the sufficiency part for the theorem. If (10) or (11) holds, it is clear the 
equations Eql have common roots. If I-E2) is not separable, then not all of these equations are 
identities. And there are at most two common roots. If (10) holds, the product of the two roots 
must be 1 — p" 1 < 0, so that the two roots are real and unequal. If (11) holds, the two roots 
must be purely imaginary. So in these two cases, we get that p is separable in terms of Lemma 
2. If ^2) is separable, from (10) or (11) we know \E{) is separable too and p is separable. □ 

Generalizing the results in Theorem 1, we have, for the complex a^ k , 

Theorem 2. p is separable if and only if there is 9 G M such that 

7s 7 = e*(l - P^al, HW:, = altt (16) 

where s, s' = 1, 2, 3, and /, I' = k,p, q, m}, Vi, j, k,p, q,m £ {1,2,..., N}, and 

M2(1 + '^ 2) €[0,l]. (17) 

Z-pip 2 Z 

where z = e td z, z = p2 — Pi / 0, pi and p2 are the roots of the equation a 7 A 2 + (3l A + 7^ = 
for some / and s such that al / 0. 
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Proof. The proof of necessity is similar to the proof of the corresponding part in Theorem 
1. One only needs to note that since z/z is of modulus 1, a phase factor e %d appears in this case. 

Now if (14) holds, it is clear that the equations Eq\ have common roots. If jE^) is not 
separable, then some of the a J s are nonzero. The corresponding equations Eql have exactly two 
roots which are different by condition (15). Therefore p is separable from Lemma 2. If \E-2) is 
separable, by (14) we know that all are 0. Hence both \E2) and \E\) are separable, and so is 
p. □ 

Corollary. Let I-E2) be the maximally entangled vector given by \E-i) = (1/y/N) J2iLi e i ® 
ej <8> ej. For any vector \E\) which is orthogonal to \E2), P = p\E\)(E\\ + (1 — p)\E2){Ei\ is not 
separable for < p < 1/2. 

Proof. Let 



C(i) 



V 7yEl^l 2 and C (2) = 



^|6(iV-l)£"" ^ ^(iV-l)^ 1 



be the generalized concurrences associated with the states \E\) and I-E2), respectively, where 
s = l,2,3, I = {i,j,k,p,q,m}, Vi, j,k,p,q,m e {1,2, ... ,N}. 

Suppose p is separable. From the necessary condition for separability, = e td (l — p' 1 )^, 
we get C(!) = ^ £ C( 2 ). As I-E2) is maximally entangled, C( 2 ) / 0, and C^/C^) = < 1, so 
we have p > 1/2, which is a contradiction. □ 

The above approach can be extended to the case of multiquantum systems. We consider 
now the separability of \&m) on M ./V-dimensional quantum systems, where 

N 

|*m) = a, h i 2 ...i M e h ®e i2 ® ...®e iM , a ili2 ... iM G C (18) 

«1><2,-.'M=1 

with Eaui2...iM a *ii 2 ...i M = L We have a quadratic J = Y.o-ixii...i M a \^...i M and d = 2M_1 - 1 
biquadratic invariants: 

Its = X! a T5ay5/aT'5'aT'5 

where T and T" are all possible nontrivial subset of / = {i\,i2, ■ ■ ■ ^m}-,! 1 = {h,^, ■ ■ ■ 
respectively, Vt fc , 4 = 1, 2, • • • , JV, fc = 1, 2, . . . , M (i.e., T ^ <f> and T ^ I), S = I\T, S' = I'\T'. 

T and T' are subindices of a, associated with the same position. A generalized concurrence 
can be defined by 



A 



N 

—(dll-h-h h) 



where X) stands for the summation over all possible combination of the indices of T and S. 
Similar to Lemma 1, one can prove: 
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Lemma 4. C^f = if and only if \^>m) is separable. 

Let p be a rank two state on H ® H ® ■ ■ ■ ® H , with \E\), \E 2 ) being its two orthonormal 
eigenvectors corresponding to the two nonzero eigenvalues: 

p = p\E 1 )(E 1 \ + q\E 2 )(E 2 \, (20) 

where q = 1— (0,1). Generally 

N 

\E S1 ) = E a ili2...i M e h ® e i2 ® . . . <g> e iM , a^ 2 iM G C, 

1112. ..IM=1 

with normalization E< 1 i 2 ...i M « 1 i2 ..i M )* = 1, «i = 1,2. 

Using Lemma 4, we have |V&m) is separable if and only if 

arsar'S' = clts'^t's, (21) 

where T and T' are all possible nontrivial subset of / = {ii,i 2 , ■ ■ ■ ,^m}, I' = {h, «2, • • • , «m}, 
respectively, Vi fc , 4 1.2 V. /,• 1.2 1/ (i.e., T / and T / /), S = /\T, 5' = /'XT'. 

With the notations: 

j" 5' 2 2 2 2 T'S' 11 11 

we have that a vector of the form \E\) + \\E 2 ) , \ £ <C, \s separable if and only if A is a common 
root of the following equation set: 

Eg?/ : c%i A 2 + ftfX + rtJ = 0. (22) 

Similar to the case M = 3, one has: 

Lemma 5. p is separable if and only if (20) have two distinct roots. 

From Lemma 4 and Lemma 5 it is straightforward to prove the following conclusion: 

Theorem 3. If all i are real, p is separable if and only if one of the following 

quantities (Ai or A2) is zero: 

Ai = E hrf ~ (1 " P- V?'/| 2 + E \ft'f4sl ~ W (23) 

A 2 = E + (1 " P-VtII 2 + E l&fl 2 , (24) 
or, equivalently, one of the following two sets of relations (23) or (24) hold: 

1 T t7 = (1 " P- V?'/, fficft* = cZifi* (25) 
^' = -(l-p-W, ^' = (26) 



where T and T' are all possible nontrivial subset of I = {ii,i2,-- - , iu}, I' = {h, ■ ■ ■ , «m}, 
respectively, Vi fc ,i* = 1,2,..., TV, k = 1,2,...,M (i.e., T ^ $ and T ^ I), S = I\T,S f = 
I'\T', T\ and T[ are all possible nontrivial subset of J = {31,32, ■ ■ ■ ,3m}, J' = {ji, 32, ■ ■ ■ ,3m}, 
respectively, Vj fc , j k = 1, 2, . . . , N, k = 1, 2, . . . , M (i.e., T x + </> and T x ± J), S x = J\Ti,S[ = 
J[\T{. 

Extending Theorem 3 to general complex coefficients a? 1 - ■ , we have 
Theorem 4. p is separable if and only if there is 9 G M such that 

1 T t7 = e»(l " P" 1 )^' , = (27) 

Mi + lml 2 ) e[Q;1]- (28) 

where T,T' , S, S' ,T X ,T[, S\, S[ are defined as in Theorem 3, z = e td z,z = /U 2 — Hi / 0, \i\ and 
P2 are the roots of the equation a^'g'X 2 + firs' ^ + ^t's' = ^ f° r some T,S,T',S' such that 
/ 0. 

For a given rank two density matrix on H ® <g) ■ ■ ■ <g) , to find its separability one only 
needs to calculate the two eigenvectors \Ei), I-E2) corresponding to the two nonzero eigenvalues 
and check if formula (25) is satisfied or not. 

Corollary. Let I-E2) be the maximally entangled vector given by I-E2) = (1/V~N) J2iLi e i ® 
d <8> • • • <8> ej. For any vector which is orthogonal to I-E2)) P = p\E\)(Ei\ + (1 — p) | ^2) (-£^2 1 
is not separable for < p < 1/2. 

We have studied the sufficient and necessary conditions for separability of rank two mixed 
states in higher-dimensional quantum systems on H (g) H <g) . . . <g) H. The separability condition 
for these kind of mixed states in arbitrary dimensions is explicitly given. A nonseparability 
inequality is also given for the case where one of the eigenvectors corresponding to nonzero 
eigenvalues of a density matrix is maximally entangled. The results can be generalized to the 
case of rank two mixed states on Hi (g> H2 £3 . . . <8> Hm, where Hi, i = 1, M, may have different 
dimensions. 
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